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Week 22 :

•• Fano type varieties .

• Rationally connected varieties
.



Rationally connected varieties :

(✗ it ) klt singularities .

(✗a) is of log general type it *✗ +" " BY }
positivity

(✗hi ) is log Calabi-Yau if 16×1-4=-0 .

J
of

Wx
.

(✗ , d) is log Fone if - Ckxtl) is ample

Can we
"

classify
"

by loosing at rational corner

Uninled : through ageneral point KEX there is a 110 !

%
Rationally
conned.es

:
For
7
" 'Y'✗

gey
" "

egg
a ☒

pony through
2C & Y -

Rcc : For
any say c- ✗ general , there connected chain

of HD
'

's
passing through x&y

onirsbroml : ✗ of Jim n admits It
"
-- - > ✗ rational generally finite

IT
rational : ✗ of Jim n is rational HD

"

- -
→ ✗ birational



rational

H
,

N B- existence ##É
Of examples

Uni rational . that# does cone over elliptic whee

?? not hold .

is Rcc but not RC

rationally connectedv
rationally chain connected

c×☒
' ¥Émortified.✓✓ gas

Uni rational but not rational : ✗ cubic 3-fold ,
XEHD

"

J
✗ EH?

"
W= { cp.LI/pio in ↳

and L is tangent to ✗
at pl .

W is a - bundle over to
.

☒
3

W is rational
.

a

q :

"

- -→ ✗
. m.p.cp.ci to the third intersection

point of L with ✗
"

2 :L .

✗ is not rational : Middle Hodge structure of X is not
the Jacobian of a curve .



How these approaches compare
?

a u

• ✗ Uni ruled → Wx is negative .

| what happen if Cox is positive or Wx trivial ?

µ
✗ smooth with no rational comes→ Cox is net .

• Kx -ao ,
there could be no rat curves CAB bar )

fave set of rat curves CK3 orifice )

• If ✗ is umruled , then Kx is nob pseudo - effective

Remark : ✗ rationally connected ~
"

wx negative ?



RC varieties are block -wise Fano type varieties .

2001

Theorem (Graber - Harris- Mazur - Starr ) : ✗→ B

et B & general fiber are RC → X is RC .

Proportion : Image of RC is again
RC

Warning : This is a big flash - forward . I

RC Kx-Mmp Rt µ
2 - raygame

.

✗ - -→ × , - - -→ I -→ X ,

T /
Kamrup

b f
general fiber z, - - -→ z, RC 2--

N Fano

RC f. ← gonal
fiber is Fon

ka not pscfj 1
We .pro W3

Rc
Faro fiber f

✗ - -→
MIMI → Me→ Ms

-
→ Ma Y}
-
tower of MFS .



RC are
" block -wise

"

Fano varieties :

{ Faro varieties } C- { RC varieties} - {
town *}MFS

b
birational to .

Ex : Bott or gon
Bott tower .

Topology : ✗ c- It
"

smooth pro; over G.

t, top (c)→ R,
top (X )

C is a complete- of hyperplanes inside X .

> smooth projective
Theorem (Kollur ) : ✗Ñc , for every

REX
,

there is a family of rational curves . F :
'Wx →✗

F- (Wo lo :& ) ) = { x1

for every WGW , we hire

17 ,
( F- ' (X ) , (w , Lois ) ))- Ri (✗ . x ) surjective

In particular I 2 smooth proper RC variety is simply connected .



Can a RC variety be a omicron cover ? ✗ smooth

✗ Rc then it his no holomorphic forms

By Hodge theory , Hi IX. 0×1-0 for in .

In particular ✗ Cox 1--2 .

✗ <ÉY ,
Y will be also RC .

v1
f
u Then ✗Cox ) =L

☒ a- P
'

Xbox ) = ty g-✗ cool. → tegf =L

-
o
-



/

Theorem (Kontsexich - Tschinkel 2017 ) :

R : ✗→ B r
'
: ✗

'
→ ☒

pmr .

B smooth connected come over dnro.

If the generic panto of R and R
'
are birational over III (8) .

Then for any point
to c- 13 ,

the fibers Xb and ✗ b - ti - ' (b)
,

are birational over the restore field of b.

In particular , if thegeneric fiber is rat crop RCI,

then
every fiber

is rat crop . Rct .

Maximally RC fibration :
✗ equivalence cxsy ) ER ←→ X and

y can be connected

by rational come .

② : ✗ ¢-7 so that the fibers are the

equivalence classes of R .



Theorem : X smooth complex projective Kaneko .

There exists ✗° EX open , a normal variety T , and

40
2 proj srrj morphism ✗

°

→ To s.fi

1.- The general fiber of E. N RC .

2.- the verygeneral fiber of 8° is an equivalence duo of R

Moreover , this morphism is unique up
to ~ ton

.

Example : X RCC , E :X → speed# 1
.

✗ 1×3 surface . 6: X- X .

X v. 6 over Ab ,
E : ✗→ Ab

.

-✗c- ✗ term neg coeff in
the bounty

I ② : For which kind of varieties

Y c- T.tw can we realized the MRC

Keir puff + Rc. fibration MMP -wove

-

T not terminal



Theorem : Let CX.LI ) be a log pair
and let

f- :X→ s be a projective birational morphism

such that - Hx is relatively big and ①✗ C-mckxtl ))
- -

is relatively generated for some Mao .

Let
y
:-c → × be

anyaÉanJ let

te:-(→ ✗ be the composition morphism .

Then , every fiber of te is rationally chain connected

motto the inverse image of non - lilt CX.LI ) .



Birational morphism ~ composition of FT morphism .

E.✗→ Y .

birational
.

both X & T have term
singa

E.* (ke ) = Kx - Eloi Ei . i
ai > 0 . On -fact

there exists

EEX effective supported on Excel with -E ample over T.

E- E. A = A + E s A- +E-a.✗ 0.A ample on ✗ i

- i

UnÉBEY .

Bo- Ckx ) = ¥ Bs Ckx - EE ) D- Excel

Kx - EE wax 1=>-0 , then

Iiar Ei -

EE~onxT-iooF-I-aiEi-E~a.io.
F- I' ai'Ei~o,xo .

Ex F is eff , ng
Lemma F- I'oikizo

F- 7 Iioi
'
Ei

Bo- Cbx ) 2 Excel .



×
Kx - MMP over I

every step is a FT morphin

Y !

Fano type morphism : ✗→ 2- is said to be

Fano type if there exists 21>-0 on X :

is CX /d) * It sing , D-fact

in - (16×+21) is het & big order Z. 3-fold

Kx- MMP at µ(Ñ✗ - -→ ✗ '

Q-fub.fi/r-smzHmorphnm • I
L

Y Q - fuk . •②A
D-fact

e.@* A) - A → A -a. ✗ 0 .



Cort : (✗ it ) log pair , such that - (16×+4)

semisimple + by .
Then

Tci (Non - wtf CX ,d))→ Tc , Cx) .

Assumption 1--101 .Proof :

;
Campana 's theorem .

J Than in tri CX )

[ his finite index.

✗ f be an e- tale finite area .

^

We nonislt (T.ptIf
I _- f-•d.

§
"

- (Http ) semisimple t big .

[In a theorem in Kothi - Mom

W

non- rlt(T.tl ) - r-1Gt ) - W

is connected .



Assume 11--4 .

étde

(Xia ) is * It . T g- ✗

By KY vanishing hilts .ae/--hiCX.ox)--o.

✗(a) = Noel =L so f has tyres
Then Ticx ) - 111

Lemma : Let IX.d) It , f- ✗→ s pro, morphine

Suppose -Chattel is net overs and -Kx is rel by
over 5 . Then - (kxtl ) is semi ample over 5 .



Lemma : Let IX.d) It , f- ✗→ s pro, morphine

Suppose -Chxtdf overs and -Kx is rel by
over 5 . Then -Ckx+nple over 5 .

Proof :
Claim : There exists ② 20 for which CX

,
② this * It

2nd - Ckxt ② J is ample .

✓

proof of
the claim :

- Kx - as A + ☒
→ effective

↳ ample overs

* =GII + EB . Then

- Ck×t① ) rooms - ( 1- E)lkxtLJ-EA.vnin
nef overs ample over S
-

ample oyer 5 .

For eat the pair CX
, ④I remuw wtf .

☐
I

☐ nef .

, D- Ckx +①7 ample .

bpf → 1m01 base point free overs .

☐



Corollary 2 : (Xia ) Ht . fr ✗→ S proj .

- Kx to big over S & -Gkxtl neg overs .

Then every fiber is RCC
.

Proof : Trivial after the Lemme + Theorem
.

Corollary 3 : Let CX.LI ) be a JIG pair .

If g
: T- X is birational

,
then the fibers

are RCC .

Proof : Kottai -Mori : Jlt is approximation of It .

Hence ,
the statement follows from the theorem

.



Corollary 2 : (Xia )#t.fr ✗→ s proof
- Kx to big over 5 & -Gkxtl neg

overt
.

Then every fiber is RCC
.

R:FT-→°RcÉ
✗ FT , IX.d) KIT and - (16×+0) big & net

✗ → spee CEE ) ,

-Kx -

d)t¥
✗ is RCC
É
- o-

corollary 4 : CXKI ) dlt , ✗ Rcc<_→ ✗ Rc .



Corollary 4 : Gaal Jlt , ✗ Rcc E-Type
.

Proof : •Y Y smooth

g) fibers of E are Rcc .

µ ,, ,

=

y µ, , g. gang pg,

I
RCC Tis RCC

Y is RC.¥E*
" "*

I
✗ is RC .

Remark :
cone over elliptic come

is to is not Jlb

is RCC but not RC


